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Abstract—In this paper we propose a robust, track before
detect particle filtering algorithm for tracking the direction of
arrival (DOA) of multiple echoes impinging on a sonar array. We
also provide a real data application of our filter for underwater 3
dimensional (3-D) scene reconstruction, i.e. bathymetry. Shallow
water environments generally involve multi-path propagation
channels. Coupled with impulsive, heavy-tailed backscattered sig-
nals it generates spurious estimates. To counteract this situation,
particle filtering enables taking into account the impulsive nature
of signals and regularizing the DOA trajectories by means of
state-space description. For a specific double target tracking
scenario, an automatic target detection and initialization scheme
is presented. The state-space description incorporates and merges
the available prior information on the imaged scene. The derived
filter is shown to provide better performances when compared
to classical array processing methods for the considered remote
sensing application.

Index Terms—Sonar tracking, direction of arrival, multi-path
environment, auxiliary particle filter, Laplace distribution.

I. INTRODUCTION

There is increasing interest in underwater imaging and
inspection in shallow water environments such as canals or
roadstead areas, with applications spanning from security to
infrastructure inspection. Side-scan, that is, lateral amplitude
images of the sea-floor are insufficient for such tasks and a full
3-D reconstruction of the underwater scene is necessary. In the
scientific literature, 3-D reconstruction of underwater scenes
are referred to as bathymetry. Bathymetry is estimated by
triangulating the echo scattered by the sea-floor and received at
multiple receivers forming an antenna array. Echo triangulation
is achieved by estimating the direction of arrival (DOA)
of the backscattered echo. DOA is estimated by means of
interferometry [1] or array processing methods [2].

However, shallow water environments pose several issues,
such as multi-path propagation and volume reverberation.
Both phenomenons lead to spurious DOA and eventually
bathymetry estimates. Such estimates appear, as shown in
section II, to be caused especially by reflected echoes from the
sea-surface. Papers [3], [4], [5], [6] present the negative impact
of multi-path propagation on side-scan image and bathymetric
reconstruction. Furthermore, high frequency sonar systems are
also shown to produce heavy-tail distributed measurements.
We propose a track before detect (TBD) [7, Ch. 7.8] particle
filter capable of extracting individual DOA trajectories directly
from the array received signal. TBD systems are aimed at
tracking low signal-to-noise ratio (SNR) targets [7], also being

suited for highly reverberant environments. The particle filter
framework also allows easy incorporation of non-Gaussian
signal distributions. We proposed a single target tracking
particle filter for bathymetrical applications in [8], while in this
paper we devise an automatic target detection and initialization
scheme, so as to reconstruct a more complex underwater
scene. In [9] a maximum likelihood time delay estimator
is investigated for multi-path environments by employing
importance sampling. In [10] a Rao-Blackwellized particle
filter is proposed to track beamforming coefficients, so as
to cancel interferences. However, in this paper, we propose
to track DOA trajectories, offering a small-dimension state
vector, with the aim of regularizing the trajectories and extract
meaningful bathymetric information.

The paper is organized as follows: section II presents
classical array processing methods and their limitations in the
case of shallow water sonar data; in section III the signal
model is presented; in section IV the robust particle filter is
developed and in section V results are presented along side
with the proposed automatic target detection technique.

II. CLASSICAL ARRAY PROCESSING: METHODS AND
LIMITATIONS

In the array processing literature, the narrowband signal yt
received by the N -element sonar array is modeled as:

yt = A(Θp
t )st + nt (1)

where yt ∈ CN×1 represents the signal received by the
N−element array, Θp

t =
[
θ1
t · · · θpt

]T
represent the DOAs

of p < N sources impinging the sonar array. st ∈ Cp×1

represent the source signals and nt ∈ CN×1 represents the
added noise. The steering matrix A is defined as:

A ,
[
a(θ1

t ) · · · a(θpt )
]

(2)

where

a(θit) ,


1

exp(−2π dλ sin(θit))
...

exp(−2π (N−1)d
λ sin(θit))

 (3)

represents the steering vector associated with the i−th source.
In (3), we supposed a uniformly linear array (ULA) with
N receivers and inter-receiver spacing of d. λ represents the
acoustic wavelength.



Results obtained with the Capon beamformer [11] for one
ping, that is one emission-reception cycle, are showcased in
figures 1 and 2. In Fig. 1 the angular spectrogram of the re-
ceived signal yt is presented. The bathymetrically informative,
sea-floor backscattered echo is indicated on the figure. Other
echoes represent interfering echoes caused by multi-path and
volume reverberation. In Fig. 2 the spectrogram maxima are
presented as DOA estimates. Several maxima represent non-
informative and spurious DOA estimates caused by locally
stronger interferences.

Fig. 1. Capon spectrogram.

Fig. 2. Capon spectrogram with DOA estimates, i.e. local maximum.

III. PROPOSED SIGNAL MODEL

A. State-space model

To avoid the spurious DOA estimates and to further reg-
ularize the estimated DOA trajectory, we propose using the
following simple model:

Θt = Θt−1 + vt (4a)
yt = A(Θt)st + nt (4b)

where the array received signal yt represents the observation
and Θt represents the DOA state vector. vt ∼ N (0,K) rep-

resents the state noise. The prior information on the temporal
evolution of the DOA trajectories, represented by equation
(4a), is a random walk (RW) model. Intuitively, the RW model
represents a weak prior, that accepts at any time all directions
of evolution of Θt, with the magnitude of the deviation being
controlled by the covariance matrix K. The magnitude of
the model noise imposes the degree of regularization of the
model. Observe that the filter estimating Θ̂t from (4a), (4b)
falls into the category of track before detect systems, that is,
the tracker is processing directly the raw array signal yt. As
opposed to track while scan (TWS) filters, which process a
preliminary estimated position of the target, either in Cartesian
or polar coordinates. In such, TWS filters are often linear and
supposed Gaussian while for TBD filters the observation is
linked to the state vector by means of non-linear functions.
The non-Gaussian distribution of the observation noise nt
coupled with the non-linear observation equation prohibits the
application of Kalman filters [12] and limits the interest of
approximate Kalman filters, such as the extended Kalman
filter [13, Ch. 5.4]. Particle filtering methods offer a way
to propagate an approximation to the filtering distribution
p(Θt|y1:t) through the non-linear system (4b) and taking into
account non-Gaussian noises. Particle filters are sequential
Monte Carlo methods approximating probability densities by
sets of weighted random samples (see [14]).

B. Statistical model

The statistical nature of the observation noise and the
backscattered signal is posed in this section. The derivation
of a particle filter from (4a) and (4b) involves the estimation
of the source signals st. However, from a DOA estimation
perspective st is a nuisance parameter. Hence, in the array
processing literature the source signals are modeled as a
random process independent of the observation noise. We
denote by Pt and σ2

t IN the covariance matrices of the source
signals and the noise. The observed signal yt has covariance
matrix Γt:

Γt = A(Θt)PtA(Θt)
H + σ2

t IN (5)

Often, yt is modeled as Gaussian. However, as shown in
the Appendix, the Gaussian distribution is not adapted to
the impulsive signals encountered in high-frequency sonar
applications. Hence, we propose using a multivariate Laplace
distribution for the likelihood p(yt|Θt). The main motivation
comes from the impulsive behavior of the sonar array data
showcased in the Appendix. The impulsive nature of the noise
only signal nt is presented in [8], and a Laplace distribution
is shown to provide a good fit. The impulsive nature of the
data: sea-floor reverberation plus noise, is shown to vary from
most impulsive, at high incidence angles and decreases for low
incidence angles. The Appendix showcases that the Laplace
distribution represents a better fit to the distribution of the data,
in all encountered situations, than the Gaussian distribution.

The construction of multivariate Laplace distributions is
presented in [15] and [16, Ch. 5.2]. The multivariate Laplace
distribution can be represented as a normal variance mixture



model. That is, assuming that both st and nt are mutually
Laplace distributed:

st =
√
Wtu

s
t (6)

nt =
√
Wtu

n
t (7)

where Wt ∼ Exp(λ) is a scalar exponential random process
with λ = 1, ust ∼ N (0,Pt) and unt ∼ N (0, σ2

t IN ) are
independent Gaussian random processes. Wt will be named
kernel process in the following. For convenience, all processes
are supposed white. The covariance matrix of st is given by:

E{st(st)H} = Pt = diag(
[
P 1
t P 2

t · · · P pt
]
) (8)

P it represents the time-varying power of the i−th source, and
the sources are considered decorrelated.

Equations (6) and (7) showcase the normal variance mixture
model, where the multiplicative exponential Wt gives impul-
siveness of the Laplace distribution. Observe that both st and
nt share the same kernel, so that the process yt is also Laplace
with the normal variance mixture model:

yt =
√
Wt(A(Θt)u

s
t + unt ) ,

√
Wtu

y
t (9)

and preserving the same structure for the observation covari-
ance matrix (5):

E{ytyHt } = E{Wt}E{uyt (uyt )H} = Γt (10)

As described in [16, Ch 5.2], [15] and [17], the observation
likelihood p(yt|Θt) is given by:

p(yt|Θt) =
2

πN/2|Γt|1/2

Kν

(
2
√
yHt Γ−1

t yt

)
(
yHt Γ−1

t yt
)ν/2 (11)

where ν = N/2−1 and Kν(u) is the modified Bessel function
of the second kind of order ν and argument u.

The motivation for choosing the same kernel is twofold.
Firstly, it allows the derivation of the multivariate Laplace
distribution for yt without changing the general structure of
its covariance matrix. Secondly, the overall signal yt exhibits
an impulsive behavior, with heavy tails approaching those of
the Laplace distribution at high incidence angles. However
the lack of sufficient data prohibits proper inference of the
data distribution in function of the incidence angle. Hubert
[18] advocates the usage of robust statistics, especially in such
situations. With the Laplace distribution being a special case
of the Hubert distribution. Intuitively, a robust statistic allows
for the derivations of robust estimators, that is estimators that
are not allays optimal, but provide robustness in the face of
outliers and impulsive noise.

Note that in [19] the kernel was chosen to be a Lévy random
variable such that st and nt are multivariate Cauchy random
variables. Basically the source signals and noise are chosen
to be α stable processes with the same parameter α = 1,
so as to employ the stability property of stable distributions.
With the resulting distribution of the array data also being a
stable processes with α = 1. In [19] the results obtained with

such a statistical model lead to the conclusion that the DOA
estimators are robust without much performance loss.

In the following section, the particle filter which implements
system (4a, 4b) and which employs the robust multivariate
Laplace distribution is presented.

IV. TBD PARTICLE FILTER

The particle filter (PF) aims at sequentially estimating Θ̂t|t
from the observation sequence y1:t. The particle filter takes
into account the non-linear observation equation (4b) and
the non-Gaussian likelihood (11). While the Kalman filter
propagates the first two moments of the filtering distribution,
PF methods propagate an approximation of the entire filtering
distribution p(Θ|y1:t) as a weighted set of simulated state
sequences called particles.

p(dΘt|y1:t) ≈
M∑
i=1

witδΘi
t
(dΘt) (12)

where Θi
t represents the i−th particle and wi represents it’s

associated weight. Since sampling directly from the filtering
distribution is generally unfeasible, we resort to importance
sampling [14], that is sampling from a different distribution
called importance distribution and then properly weighting
each sample. It has been shown in [20] that the optimum
importance distribution, i.e. that which minimizes the variance
of particles, is given by p(Θt|Θt−1, yt). However, in practice
this distribution is difficult to evaluate let alone sample from.
Thus simplified methods have been proposed.

The simplest of PF methods is the bootstrap particle filter
(BPF) [21], which employs the prediction p(Θt|Θt−1) as
importance distribution. Since the sampling procedure does
not take into account the new measurement yt, the BPF is not
incorporating the latest information available into the sampling
process. This leads to situations where the particle cloud is
steered into wrong directions, with few of them having high
likelihoods. Thus, the algorithm degenerates and the filter
behaves poorly, especially when the observation is impulsive
or the model noise is small [13, Ch. 7.3.2]. This lead to the
proposal of the auxiliary particle filter (APF) [22], which,
before each sampling procedure, resamples the past particles
Θi
t−1 taking into account the new observation yt. The APF

is shown to be better adapted, especially for low model noise
or impulsive observations systems [13, Ch. 7.5.2]. Considering
the impulsive nature of sonar data (see Appendix), we propose
the APF for DOA tracking. Which is summarized in the
following Algorithm: In our case, the exact computation of
p(yt|Θi

t−1) is not possible, instead we evaluate the likelihood
of each previous particle by:

w̃it ∝ p(yt|Θt = Θi
t−1) (13)

with the exact expression of the likelyhood being given in
(11). This special case of APF is referred to as non-fully
adapted APF [22]. Notice that the APF samples new particles
from a continuous distribution p(Θ|Θ̃i

t−1), as opposed to a
discrete one in the BPF, eliminating the particle degeneracy



Algorithm 1: Robust Auxiliary PF

Previous sample set:
p(dΘt−1|y1:t−1) ≈

∑M
i=1

1
M δΘi

t−1
(dΘt−1)

Compute predictive weights:
For 1 ≤ i ≤M compute w̃it ∝ p(yt|Θi

t−1),
∑M
i=1 w̃

i
t = 1

Resample:
For 1 ≤ i ≤M compute Θ̃i

t−1 ∼
∑M
i=1 w̃

i
tδΘi

t−1
(dΘ)

Sample:
For 1 ≤ i ≤M compute Θi

t ∼ p(Θ|Θ̃i
t−1)

Current sample set:
p(dΘt|y1:t) ≈

∑M
i=1

1
M δΘi

t
(dΘt)

phenomenon. Also notice that no explicit innovation terms are
computed in algorithm 1. Instead, weights are associated to
each particle by means of the robust likelihood (11).

V. SONAR DATA RESULTS

The processed sonar data was acquired with the EdgeTech
4600 bathymetric side-scan sonar comprised of N = 8
receiving elements, λ/2 spaced ULA. The array is tilted 30o

from the vertical. Two cases of interest are presented in the
following sections. The first case concerns a single track, while
the second case presents a scene with two targets.

A. Single target TBD PF

In this section we present results of the TBD-APF proposed
in section IV only considering one target, i.e. p = 1. More
specifically, the target involved in cause is the DOA trajectory
of the sea-floor backscattered wave. Considering the tilt of the
sonar array, the DOA trajectory will start at θ0 = 60o as seen
in Figs. 1, that is, at the vertical, corresponding to the closest
point from the sea-floor to the sonar array. This observation is
consistent throughout the available data samples. In the Fig.
3 we present the TBD-APF estimated track overlaid on the
Capon spectrum for better interpretation. The state equation
employed is (4a) with model noise standard deviation of 0.5o.
M = 500 particles were considered. The model noise vt
magnitude is chosen so as to regularize the DOA trajectory
and to avoid jumps, or spurious DOA estimates caused by
volume reverberation or sea-surface reflections.

B. Special case double-target TBD PF

Since the data acquisition was conducted in a canal, differ-
ent structures are encountered, like the pillar presented in Fig.
7. A self initializing double target TBD-APF is proposed to
obtain the two filtered tracks corresponding to the sea-floor
and pillar backscattered waves. Estimating the correct number
of DOA sources and initializing the second DOA trajectory is
a model order estimation problem [23]. We proposed a double
target TBD-APF, based on a two model approach: one model
contains the DOA θbt of the sea-floor (14a), i.e. bottom echo;

Fig. 3. TBD-APF single track case.

while the second model contains two DOA trajectories θbt for
bottom echo and θpt for pillar echo (14b).

Θ1
t = θbt (14a)

Θ2
t =

[
θbt θpt

]T
(14b)

Both models operate in parallel in a multiple-model frame-
work similar to that proposed in [24], with no interacting step
between the models. The active model, that is the correct order
of the received process yt is modeled as a hidden Markov-
Chain (HMC) νt with two internal states, corresponding to
the two models. We consider νt a homogeneous HMC with
transition matrix Π with entries πij , Pr(νt = j|νt−1 = i).
Values π11 = π22 = 0.98 were used throughout this paper.
A sequential model probability µit|t = Pr(νt = i|y1:t) is
computed for each i ∈ {1, 2}. Formulas for the sequential
computation of µt|t are given in [24], [25], [26]. Based
on the model probabilities, we can detect the presence of
the second echo and also the moment of switching between

Fig. 4. TBD-APF in a double-target scenario, sea-floor and pillar echo
trajectories and model probabilities.



Fig. 5. Full second echo DOA estimates.

models. The decision Dt concerning the number of targets
is given by the simple mechanism (15), where T < 1, is a
predefined threshold. A value of T = 0.6 was considered in
our experiments.

Dt =

{
Two targets if µ2

t|t ≥ T
One target if otherwise

(15)

In Fig. 4-a) we observe the estimated trajectories of the two
tracks formed by θbt and θpt overlaid on the Capon spectro-
gram. In Fig. 4-b) we observe both model probabilities. The
correspondence between the probability of the second model
and the presence of the pillar echo in Fig. 4-a) is evident.
The automatic initialization of the pillar echo is obtained by
a simple mechanism: whenever the µ2

t|t is smaller than the
threshold, the θpt particles are uniformly redistributed in a
given DOA search interval, here θpt ∼ U(−60o,−20o). When
the exploratory particles of θpt encounter the high-energy echo

Fig. 6. TBD-APF in double-target scenario, bathymetry segmentation.

backscattered by the pillar, their likelihood increases and after
resampling all particles concentrate on the debut of the pillar
echo. When this happens, the probability of the second model
increases (see Fig. 4-b)) and eventually the decision changes
to Dt = Two targets. Based on this switch, the particles are
also switched to track the two echoes, that is, propagating
according to the RW model given in eq. (4a). Whenever
the probability of the second model decreases so that Dt =
One target, tracking is stopped for the second trajectory θpt .
Whenever tracking is conducted, the RW model (4a) was
employed, with noise standard deviations of 0.2o for both sea-
floor and pillar echoes. A number of M = 500 particles were
employed for each of the two DOA trajectories. The DOA
estimates corresponding to the pillar echo in Fig. 4-a) are
plotted only during the time the second model is active, see 4
b). To better visualize the automatic detection and initialization
process, in Fig. 5 we plotted all the estimates θ̂pt , that is
the mean of the respective particles, for all time samples.
Furthermore, a computational time comparison was conducted
yielding, for one ping, 425.9 seconds for the proposed double
echo tracker and 147.7 seconds for the Capon beamformer.
The simulations were carried out on a 3.6 GHz processor with
16 Gb of RAM.

In Figs. 6 and 7 the bathymetric reconstruction, using TBD-
APF DOA estimates, is presented. Bathymetry is obtained
by filtering the DOA trajectories of both echoes for several
adjacent ping lines. The color code used in Fig. 6 segments
the bathymetry in terms of the two DOA tracks: sea-floor and
pillar. While in Fig. 7, the color code represents depth.

For comparison, we present in Figs. 8 and 9 the DOA
estimates and bathymetric reconstruction, obtained by using
interferometry. The downside of interferometry is that of
estimating only one DOA at any time, generating missing
values in the 3-D reconstruction, as observed in Fig. 9. Also
observe the 3-D reconstruction to be more sensitive to noise
than the TBD-APF reconstruction in Fig. 7.

Fig. 7. TBD-APF 3-D reconstruction.



Fig. 8. Interferometry estimates overlaid on the Capon spectrogram.

Fig. 9. Interferometry: 3-D reconstruction.

VI. CONCLUSIONS

In this paper we proposed a track before detect auxiliary
particle filter, that fuses available prior information on the
imaged scene. The impulsive nature of the backscattered
signals is taken into account and a robust multivariate Laplace
distribution is proposed. A random walk model is employed to
further regularize the DOA trajectories of the echoes imping-
ing the sonar array. The detection and automatic initialization
of DOA tracks is presented. The proposed filter is shown to
provide spurious-free, 3-D scene reconstructions superior to
classical methods like interferometry or beamforming.

Probability hypothesis density filters, such as [27], are
capable of multi-target tracking for unknown and varying
number of targets. However, such filters were defined for TWS
systems, that is, the observations consist in some estimated
points representing target positions. This is contrary to our
proposed TBD filter, where the observations are the array
received signals. The derivation of a probability hypothesis
density filter capable of directly employing the array signals
as observations is left as a perspective.
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APPENDIX
STATISTICAL SONAR DATA ANALYSIS

In this section we provide a statistical analysis of data
samples acquired with the EdgeTech 4600 side-scan sonar.
As observed from Fig. 1, the signal could be divided into
roughly two categories: low and high-incidence angles. In
a flat sea-floor situation, the low and high-incidence angles
also correspond to the near and far range. Statistical tests are
presented for both cases and show significant differences. The
signal under test is yt observed on one receiver, selected from
different adjacent ping lines so as to ensure roughly the same
angle of incidence for all considered samples.

Classical χ2 and the Kolmogorov Smirnov (K-S) tests [28]
are considered to assess goodness of fit. Also the whiteness
of test signals is checked with the Box-Pierce test [29].
Two hypothesis (H0) were considered: the test signals obey
Gaussian (G) or Laplace (L) distributions. Test p-values are
presented in TABLE I for both high and low incidence angles.

TABLE I
STATISTICAL TEST RESULTS AND P-VALUES.

Test χ2 K−S Box−Pierce
H0 G L G L Whiteness

Low-incidence 1.76e−33 0.59 2.33e−05 0.157 0.57
High-incidence 1.82e−38 0.07 9.46e−10 0.124 0.59

For a typical level of significance of α = 0.05, from table I
we observe that only the Laplace hypothesis is accepted, that
is, with p-values greater than the level of significance. Con-
sidering the guidelines given in [30], rejection of the Gaussian
hypothesis implies the definite inadequacy of the Gaussian
distribution to fit the observation. Note that the acceptance of
the Laplace distribution only implies that Laplace is better at
describing the observation and not that the data was sampled
from a Laplace distribution. In other words, acceptance of the
Laplace hypothesis does not rule out the possibility of even
better adapted distributions.

To better observe the shape of the observed signal’s distri-
bution, we resort to the Q-Q plot. The Q-Q plot is a basic
graphical tool used for comparing two distributions [31] (Q
stands for quantile). It consists in plotting the quantiles of the
two distributions against each other in a Cartesian system. If
the resulting points form a straight line, the two signals have
similar distributions. In Figs. 10 and 11 we present the Q-
Q plots for the two test signals, at low and high incidence
angles. The distribution of the test signal was compared
with Gaussian and Laplace distributions of equal mean and
variance. For the Gaussian case we observe a larger excursion
of the quantiles of the test signal, thus generating an s-shaped
curve. Such results are typical of heavy-tail distributions, that



Fig. 10. Q-Q plot for a low incidence angle.

Fig. 11. Q-Q plot for a high incidence angle.

is, the observed signal has heavier tails than those of the
Gaussian distribution. However, in the case of the Laplace
distributions, the Q-Q plot points show a better fit to the test
signal distribution. Overall, the observed signal exhibits heavy
tails, with the Laplace distribution providing a closer fit to the
available data. Some dependency of the signal’s impulsiveness
is noted, with the phenomenon being more relevant at high
incidence angles. However the lack of sufficient data hampers
the derivation of a incidence angle dependent distribution.
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